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Abstract and the numerical structure is the corresponding representa-
tion. Notice that the representation is “two-way”, i.e., what-
The Archimedean axiom in fuzzy set theory is critically ever happens in the qualitative structure must be mirrored in
discussed. The axiom is brought into perspective within a the numerical structure and vice versa.
measurement theoretic framework and then its validity for

fuzzy set theory is questioned. The discussion sheds light Qualitative Structure Numerical Structure
into what type of vagueness fuzzy set theory models.
aset 4 R [0, 1]

1 Introduction

a relation z > >

Itis one of the basic tenets of fuzzy set theory to take into e

account theontinuousdegrees of membership. Inthatway, an operationg i g
fuzzy set theory is distinguished from other many-valued

logics.

Continuous membership functions and continuous Ar-
chimedean triangular norms and conorms together with a
negation operator describe an algebraic structure that de-

fines fuzzy set theory. , We emphasize that it is thigverse implication which

We have investigated the semantic issues that such an aly,5kes Archimedean axiom a problem. Archimedean axiom
gebraic strugture rgises elsgwhere [1, 4, 2, 3] from a meayq 4 property of the numerical structure tis to be re-
surement point of view. In this paper, we concentrate on thefiecteqd on the qualitative structure. We are going to argue
Archimedean axiom and discuss its relevance to fuzzy sety o+ this is not always possible.
theory. In particular we are trying to answer the following At least since Goguen [7] we know that membership
questions: functions can be represented on weaker structures than the
unit interval. All that is required is that the structure be a
Heyting algebra. However, fuzzy set theorists continue to
use the unit interval, probably for its ease in conveying the
graded membership concept to non-specialists using the fa-
miliar real numbers. We are investigating the consequences
of that assumption.

Figure 1. Representation in Measurement Theory

1. Is the Archimedean axiom relevant for fuzzy set the-
ory?

2. What does one gain or loose when one adopts the Ar-
chimedean axiom?

Once again we do this in the framework provided by mea-
surement theory. First, we investigate the use of the Ar-

chimedean axiom in other contexts —particularly subjective ) i ) )
probability theory and utility theory— and then investigate 1 n€ Archimedean axiom has been given that name since

the implications of the Archimedean axiom in fuzzy set the- It corrésponds to the Archimedean property of real numbers
ory. [9]: for any positive number no matter how small and an-
Figure 1 shows how measurement theory works: the other positive numbey no matter how large, there exists a

qualitative structure corresponds to a conceptual schemd0sitive integen such thag > . Th's |mplles j[ha.lt.two
real numbers areomparable and their ratio isot infinite.

* Appeared in Proceedings of NAFIPS'96 June 19-22, 1996, University AnOther way to state this axiom is: for any real numbers
of California, Berkeley. andy, the set of integer§n : y > na} is a finite set.

2 Archimedean axiom in general




In algebraic structures, Archimedean axioms are ex-the Archimedean axiom but cannot dismiss it since without
pressed in many forms. But the idea is always to represenit he cannot come up with a ratio scale representation.
this (nice) property of real numbers. However, Archime-

dean axiomis only necessary when we wanta mappingfrom3  Archimedean axiom in Fuzzy Set Theory
the algebraic structure inteal numbers (a real representa-

tion). _ In order to qualify the claim that the concept of graded
If one does ngt require “th.e comfort" of real numbers at membership is an intuitive and valid representation of fuzzi-
the outset, Archimedean axiom is not necessary. From &,a55 \ve undertake this task within the framework provided
practical p0|.nF of view, |'F is very hard, if not |mpossuble, to by measurement theory [9, 12, 11, 15, 10]. In such a theory
test for empirical meaningfulness of the Archimedean ax- gne can discuss the representation of a qualitative structure
iom in fuzzy sets. We give some insights assy testing 5 numerical structure and the meaningfulness of such a
for empirical meaningfulness is important. _ _ representation. The problem of meaningfulness can be sum-
~Note that, in dinite structure, Archimedean axiom triv- 51764 as: “Numerical statements are meaningful insofar
ially holds and therefore itis not necessary for the real repre- ;¢ they can be translated, using the mapping conventions,
sentation. Furthermore, the Archimedean axiom cannot b&, statements about the original qualitative structure.” [8].
expressed in an elementary language [10]. Inan elementary | yjiew of measurement theory, we investigate the under-
formal language, the Archimedean axiom can be stated aging qualitative structure of fuzzy set theory which tumns
statement with countably infinite disjunctions : out to be a well studied mathematical concept: an ordered
(1) (2) (3) o algebraic structure. This view is in accord with the claim
V@Vl = bV aT - bV et by that algebra is a suitable tool to analyze logic, which may be
wherea(™) > b is an abbreviation for the first order state- disputed.

ment that. concatenations af with itself exceeds. In [1, 2], the conditions imposed on the qualitative struc-
ture are laid out and critically discussed as to their suitability
2.1 Probability to the cognition of fuzziness.

We take fuzzy propositions to be of the form:

In the axiomatization of qualitative probability [9, 5], Ar-
chimedean axiom together with the necessary conditions on
the qualitative structure is not sufficient to come up with a Where “intelligent” and “funny” are the fuzzy terms. This
unique representation for probability measures (see [9, Seccan be formalized in an ordered algebraic structure in
tion 5.2.1] for example). Therefore, usually another strong the following manner: consider a countable set of agent-
axiom, namely the existence of a fine partitionto model pure adjective pairst’ = {(a, F), (b,G), -- -} and a binary re-
randomness as the uniform distribution, is postulated. Oncelation,z on X with the following interpretation:
this is done, which endows the structure with a fine grain
structure that is akin to real numbers, then the Archimedean
axiom is accepted on normative grounds (because it exists b belongs ta’.
in the representation of the continuum as we know it!).

Mary is more intelligent than John is funny

(a, F) = (b,G) <= abelongstaF atleast as much as

We briefly summarize basic definitions and the main rep-

. resentation results for ordered algebraic structures.
2.2 Utility

Definition 1 The algebraic structure (A4, @) where A isa

In utility theory, Archimedean axiom arises in two man- nonempty set and & is a binary operation on A iscalled a
ners. In the “naive” utility theory (or value theory) ithas the semigroupfandonlyif ¢ isassociative(i.e., forala, b, c €
structure exactly like the one we are going use in fuzzy set4, (a®b)@c = ad(bdc)). Ifthereexistse € A suchthat for
theory. If an object: is valued higher than another objéct ~ alla € A, e®a = e®a = athestructure (A, @, ¢), iscalled
there exists a finite. such thatb is valued at least as high ~asemigroup with identity or amonoid Finally, (A, @, e)
asa. Archimedean axiom is rejected in value theory [12] isagroupifand onlyifitisa semigroup with identity e and
because some items are infinitely more valuable than otherg@ny element of A hasaninverse:for all @ € A, there exists
for agents (like life, well-being, etc.). Thatiswhy, valuethe- b € Asuchthata &b=>b& a =e.
ory prescribes, at most, an interval scale on which subjective
values can be measured.

In (expected) utility theory with lotteries and subjective
probabilities [6], Archimedean axiom, once again, states theDefinition 2 Let A be an empty set, >~ a binary relation on
same principle: no consequence is infinitely desirable thanA and & a binary operation on A. (A, =, &) isan ordered
another. Savage [13] realizes the non-necessary nature ddtructuref and only if the following axioms are satisfied:

When the algebraic structure is also endowed with an or-
dering,=, we obtainordered algebraic structures.

I~?



(weak ordering) - is connected and transitive, Lemmal Let A = (A, =, &) beabounded ordered semi-
group with bounds ¢ and «. Then .4 also satisfiesthe follow-

(nnnotonicity) fOI’ a“ a, b, C, d S A, a ?\: c and b ?\: d |ng COﬂditiOthOl’ a” a, b c A

implya @b = b d.

. . (i) a® bz sup(a,b),
The asymmetric part({) and the symmetric complement

(~) of any relatiori- are defined as usuatl: >~ b if and only
if « >~ band noth >~ a anda ~ & ifand only ifa - & and
b a.

Adding more properties to an ordered algebraic structure In [14, Section 5.3] &unction defined on a closed real in-
results in specializations of the concept. In this paper, We.arval [a 'e] endowed with the natural ordering, is con-
pnly con§iQer ordered semigroups (where the conca.tenatiorgidered_’ I—iere, a more abstract structure is cé)nsidered but
is associative). These are summarized in the following def'their results carry over to our setting without modification

inition: since our relatiory;, is transitive and connected and hence
Definition 3 Let A = (A, >, @) be an ordered algebraic ~ is an equivalence.
structure such that (A, @) isa semigroup. Then A iscalled Representation theorems with varying uniqueness char-

an ordered semigrougFurthermore, it is said to be: acteristics can be given for ordered semigroups. These are
summarized in the following:

(i) uPpa~adu~u,

(iii) a® a = a.

Theorem 1 The algebraic structure (4, =, @) is.

3 ~?

Weakly Associative(WA) a« & (b S ¢) ~ (a & b) & c.
(i) a bounded ordered semigroifgand only if there ex-
istsy : [e,u] = X = [z, 7] such that, a b=
v(a) > y(b), v(e) = z,y(u) = T, andy(a ® b) =

Solvable (Sv) iff whenever a > b then there existsc € A
suchthata = b @ c.

Strongly Monotonic(SM) iff whenever « =~ bthena @ ¢ =
bdcthencdam cdb.

HomogeneougH) iff whenever a >~ bifandonlyifa®c =
bdcifandonlyifc @ a - c @ b.

Idempotent(Ip) ifffor all a € A, ¢ & a ~ a.

Bounded(B) iff there exist « and e in A such that: for all
a€Aureuzaanda e.

Archimedean(Ar) ifffor anya, b € A there existsapositive
integer m suchthat a(™) - b where a(™) isrecursively
defined asal = a, a™) = a @ alm=1),

Continuousiff & is continuous as a function of two vari-
ables, using theorder topology onitsrangeandtherel-
ative product topology on its domain.

(i)

(iii)

By a representation of an ordered algebraic structure, we
mean a real valued function that maps the ordered alge-

braic structure{A, >, ®) to a numerical structure, X, >
,S), whereX is a subset oR, > is the natural ordering of
real numbersand : X x X — X is a function. Since we

(iv)

focus on ordered semigroups, in the resulting representation,

S is necessarily associative.

The boundary condition, asserts the existence of a mini-
mal and a maximal element in sét Hence, given the weak

ordering and the boundaries, one can replace th¢ bgthe
familiar interval notatiore, u]

The following lemma demonstrates some of the conse-

V)

guences of axioms imposed on a bounded ordered semi-

group [14].

S(v(a), (b)) where X = [z, 7] isa closed subset of R
and S is an associative, monotonic function such that
S :[z,7] x [&,7] = [z, 7] which has z asitsidentity.
Furthermore, + isanother representationif and only if
there exists a strictly increasing function ¢ : [z, 7] —
[z, 7] with ¢(z) = 2’ and ¢(%) = ¥’ and such that
for all z € [z,%],v'(z) = ¢(y(x)) (ordinal scale).

a bounded idempotent semigroifiand only if all the
conditionsin (i) are satisfied and S = max.

a continuous Archimedean bounded ordered semi-
groupif and only if the conditions of (i) are satisfied
with X = [0, 1], and there exists a strictly increasing
continuous function, ¢ : [0,1] — R+ = [0, o] with
¢(0) = 0, such that for all x,y € [0,1], S(»,y) =
= (g(x) + g(y)), where [~ '] isthe pseudo-inverse

of g givenby: gl=(a) = g~'(min{a,g(1)}). Fur-
thermore, ¢ is unique up to a positive constant (ratio
scale).

a solvable homogeneous Archimedean strongly mono-
tonic ordered semigroupand only if it isisomorphic

to a sub semigroup of (R, >, +). Moreover, two such
isomor phisms are unique up to a positive constant (ra-

tio scale).

a solvable Archimedean strongly monotonic ordered
semigroupf and only if it isisomorphic to a sub semi-
group, ([0, 1], >, Sw) where Sw (z,y) = min{x +

y, 1} for all 2,y € [0, 1] and two such isomor phisms

are necessarily equivalent (absolute scale).



Figure 2 shows the interdependence of measurement axeoncepts with linear, continuous universe of discourses like
ioms, the corresponding scales, and summarizes Theorem 1allness, temperature, etc. However, with multi-dimensional
domains (like comfort, humidity, etc.) and some concepts

Quantitative Structure Algebraicrepresentation the Archimedean axiom cannot be so easily entertained.
(AxF, 7z, 8)
Ordinal ([0, 1], >, 5) 4 Summary
Ordinal ([0, 1], >, max)

Ratio ([0,1], >, 5) .

‘—’ Absolute ([0, 1], >, Sw)
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WO: Weak Ordering Ar: Archimedean [ ]
@ @ WA: Weak Associativity Sv: Solvability

H: Homogeneity Ip: Idempotency

Id: Identity B: Boundary

M: Monotonicity C: Continuity

Figure 2. Summary of representations! is a t-
conorm, Sy is the tukasiewicz co-norm that models
disjunctiond

In this formal framework, we discuss the Archimedean *
axiom. Note that, when one uses continuous, Archimedean
triangular norms and conorms as intersection and union in
fuzzy settheory, one implicitly commits to the Archimedean
axiom.

From Figure 2, one can deduce two things about the role
of the Archimedean axiom:

¢ if you endow the structure with more structure (Homo-
geneity and Solvabilityin this case), then the Archime-
dean axiom is implicitly implied.

¢ without it you cannot have ratio or absolute scale rep-
resentations.

The summary of the discussion is as follows:

If one commits to any one of the continuous Archime-
dean t-norms and t-conorms, one also implicitly com-
mits to the Archimedean axiom.

Itis extremely hard to empirically verify the Archime-
dean axiom in fuzzy set theory.

However, in many other contexts, the Archimedean ax-
iom is usually accepted for itoormative appeal rather
than its empirical validity. Althoughthisis true for nor-
mative theories, if fuzzy set theory is to be applied at
all, we believe that its basic axioms need to be validated
either empirically or by thought experiments. Archi-
medean axiom seems to lack both type of validations
for fuzzy set theory.

Without the Archimedean axiom, one cannot attain ra-
tio or absolute scale representations. The resulting rep-
resentations arerdinal in which two truth values can
only be compared to each other.

The functions min and max stand distinctively non-
Archimedean. However, their idempotency seems to
be a trouble for interactive fuzzy sets.

One way to dispense with the problematic Archime-
dean axiom is to consider representations into the field
extensions of real numbers (hyper reals). Another way
is, of course, to assume that the system is finite.
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